Abstract. The existence and the uniqueness of an integrated solution of the generalized wave problem were proved by using once integrated semigroups. Also a null-exact controllability of the generalized wave system was obtained.
Introduction
In this paper we will investigate a problem of the existence, the uniqueness of the integrated solution and the null-exact controllability on (0, 1 ) , rn e N is strongly elliptic in fI, i.e., there exists a constant c > 0 such that 52|p|=|g|=m a pq( x )£ P £ q ^ c l£| 2m > f or a H x€ Q, f € R n .
We assume that a linear elliptic operator Ao(x,D) = Z]Z Hq \=o(-l) ]pl D P Mx)D'

Let's denote by a(v,w) a bilinear form m (4) a(v,w) = Y^ S a pq (x)D p v{x)D q w(x)dx, v,w € H^Sl).
The null-exact controllability
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If C2 0 the operator Aq(x, D) will be replaced by the operator For A > C2 associated with operator A(x, D) bilinear form satifies condition
In this paper the operators which satisfy this condition will be only considered.
LEMMA 2. Let the operator A be defined by (5), (2) . i) yl is a. positive and self-adjoint operator,
iii) there exists A 2 and it is self-adjoint, 
Integrated solution to Cauchy problem
Consider the inhomogeneous Cauchy problem
Integrating twice the equation (9) we obtain t t
THEOREM 4. Let f : [0,T) -> X be Bochner integrable and A be the generator of a non-degenerate once integrated semigroup {S(t)}t>o. Then the following formula t (11) v(t) = S(t)x + \S(t-r)f(r)dr o
gives the unique integrated solution to (9) for any x € X, [11] .
THEOREM 5. Let f : [0, T) -» X be Bochner integrable and A be the generator of a non-degenerate once integrated semigroup {S(t)} t >o, then
t \S(t-r)f{r)dreX w , [11] . o 750 T. Kowalski, W. Sadkowski 
Application of a once integrated semigroups for control theory
Now, we will study "controlled" abstract Cauchy problems of the form
We assume that the operator A generates a strongly continuous once nondegenerate integrated semigroup {S(t)} t >o; B is bounded control operator from the control Banach space U to X\ z : [0, oo) -> U is a locally integrable control function. Due to Theorem 4, the integrated solution of (12) 
Application once integrated semigroups to existence of integrated solutions of a generalized wave problem
We shall prove that A defined in (3) generates an exponentially bounded non-degenerate once integrated semigroup S(t) on X. 
.,rn,n 6 Northonormal and complete set eigenfunctions in ¿2(0), ( , ) denotes inner production in Z^fi)-
Proof similar as [9] .
LEMMA 7. If A is self-adjoint and nonnegative, then A has a unique nonnegative square root A*, so that D(A) C D(Az), A2z G D(A2) for all z e D(A), and aSaSz = Az for z e D(A). [3]. THEOREM 8. The operator A with the domain D(A) = H 2m (VL) n H™(Q) x ¿2(0) generates an exponentially bounded non-degenerate once integrated semigroups on L2 (il) x ¿2(0)-
Proof. We shall check condition of Theorem 3.
a) Consider equation (XI -A)
Ul" 7i"
U2. J2.
. We would like to prove that this equation have solutions for some A and every /1, /2 € (il). It can be written equivalently as d_ dt
S(t)(w h w 2 ) + f 0 S(t-r)
Lfor any (tui,^) € L 2 (fi) x L 2 (Q), f € L 1 ([0,T],L 2 {Cl)) which satisfies equation t t v(t) -1 W\ ' 0 V -A 0. 0 L/(r)J
dr. \v(r)dr + \(t-r)
0 0 From the above equation we obtain the following one Proof. By Theorem 4 there exists a unique integrated solution of (15). By Theorem 7 the part A^ of operator A generates on H™^) x ¿2(0) Co unitary group and it is given by
t t u(t) -wi -tw 2 = -A -r)u(r)dr + -r)f(r)dr,
The series (1 -cos(A n t))
The space H^Sl) is dense in Let w{ G JZ^fi), w? -» u>i € as s -> 00, so 3M > 0 such that Vs |U 2 (ii) < M. Both series Proof. At first we shall prove that the system is exactly 2-null controllable on any interval [0, t]. By Theorem 6 jjj) b), the system will be exactly 2-null controllable on [0, i] if there exists 7 > 0 such that
So there exists lim_ S(t)(u>l, W2) = S(t)(w lt w2) -
for all x* G X* = L2(il) x L2(ii). It is easy to check that those conditions are satisfied if cos(X n t) = 1. Now the case cos(X n t) ^ 1 will be investigated. It easy to prove that for It is clear that A n > 0. Now we will prove that for t > 0 , C n > 0. Putting p = X n t we have - 
